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Abstract. The Askey- Wilson function transform is a g-analogue of the Jacobi 
function transform with kernel given by an explicit non-polynomial eigenfunc- 
tion of the Askey- Wilson second order g-difference operator. The kernel is 
called the Askey- Wilson function. In this paper an explicit expansion formula 
for the Askey- Wilson function in terms of Askey- Wilson polynomials is proven. 
With this expansion formula at hand, the image under the Askey- Wilson func- 
tion transform of an Askey- Wilson polynomial multiplied by an analogue of 
the Gaussian is computed explicitly. As a special case of these formulas a 
g-analogue (in one variable) of the Macdonald-Mehta integral is obtained, for 
which also two alternative, direct proofs are presented. 



1. Introduction 

The Macdonald polynomials and their orthogonality relations have an harmonic 
analytic interpretation on quantum compact Riemannian symmetric spaces, see e.g. 
Noumi [p"5f . In particular, the spherical Fourier transform on the quantum SU(2) 
group can be identified with the polynomial Askey- Wilson transform, which is the 
transform naturally associated to the orthogonality relations of the Askey- Wilson 
polynomials (see Koornwinder 

In the non-compact set-up, only harmonic analysis on the quantum SU (1,1) 
group has been well understood by now, see e.g. and pr||. T his has led to the 
study of an explicit generalized Fourier transform in Jll| and ]12| , called the Askey- 
Wilson function transform. The kernel of this transform is called the Askey- Wilson 
function. It is a non-polynomial eigenfunction of the Askey- Wilson second-order 
g-difference operator, given explicitly as a very-well-poised 807 series. 

On the other hand, Cherednik Q discussed several types of difference Fourier 
transforms, which are naturally related to the spectral theory of Macdonald poly- 
nomials. Cherednik || showed that a particular theta-function plays a role in the 
theory of the difference transforms which is similar to the role of the Gaussian in the 
theory of Hankel transforms, see also [Q. This led to explicit formulas for the im- 
age under the difference Fourier transforms of a Macdonald polynomial multiplied 
by (the inverse of) the analogue of the Gaussian. Furthermore, in the difference 
set-up Cherednik ^ defined certain "non-polynomial" spherical functions as ex- 
plicit series expansions in terms of "polynomial" spherical functions (=Macdonald 
polynomials), which seems to be purely a quantum phenomenon. 

The purpose of the present paper is to incorporate the above mentioned ideas and 
constructions of Cherednik into the theory of the polynomial Askey- Wilson trans- 
form, and into the theory of the Askey- Wilson function transform. We first give 
an explicit expansion formula for the Askey- Wilson function in terms of Askey- 
Wilson polynomials. This expansion formula provides an explicit link between 
Cherednik's [^) construction of non-polynomial eigenfunctions of ^-difference oper- 
ators with the constructions of Suslov |U|, Ismail & Rahman || using the theory 
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of basic hypergeometric series. We introduce the proper analogue of the Gauss- 
ian for the Askey- Wilson theory, and we compute the image under the polynomial 
Askey- Wilson transform of an Askey- Wilson polynomial multiplied by the inverse 
of the Gaussian. In the special case of continuous g-ultraspherical polynomials, 
these formulas were derived by Cherednik in Q. Furthermore, we compute the 
image under the Askey- Wilson function transform of an Askey- Wilson polynomial 
multiplied by the Gaussian. A special case leads to the evaluation of a g-analogue 
(in one variable) of the Macdonald-Mehta integral (cf . Macdonald ) . 

The techniques employed in this paper are entirely based on basic hypergeometric 
series manipulations in the spirit of Gasper's and Rahman's S book. The two main 
ingredients are the orthogonality relations for the Askey- Wilson polynomials (see 
), and the inversion formula for the Askey- Wilson function transform (see [p"2||). 
A generalization of Cherednik's [|| affine Hecke algebra approach to the Askey- 
Wilson level leads to independent proofs of the Plancherel and inversion formula 
for the Askey- Wilson function transform, and to independent proofs of most of 
the formulas presented in this paper. In fact, the affine Hecke algebra approach 
reduces the problem to the explicit evaluation of the g-analogue of the (one variable) 
Macdonald-Mehta integral. I therefore have added two alternative proofs of the 
evaluation of the (one variable) g-Macdonald-Mehta integral in this paper, which 
do not make use of the properties of the Askey- Wilson function transform. I will 
discuss the affine Hecke algebra approach in a future paper. 

The plan of the paper is as follows. In Section 2 we recall the basic properties 
of the Askey- Wilson polynomials. In Section 3 we give the definition of the Askey- 
Wilson function. The expansion formula for the Askey- Wilson function in terms of 
Askey- Wilson polynomials is formulated in Section 4. In Section 4 we also intro- 
duce the analogue of the Gaussian, and we explicitly compute the image under the 
polynomial Askey- Wilson transform of an Askey- Wilson polynomial multiplied by 
the inverse of the Gaussian. In Section 5 the Askey- Wilson function transform and 
its basic properties are recalled, and the image under the Askey- Wilson function 
transform of an Askey- Wilson polynomial multiplied by the Gaussian is computed 
explicitly. We also show how this leads to the evaluation of a g-analogue (in one 
variable) of the Macdonald-Mehta integral. In Section 6 some density results are 
discussed, which are relevant for the L 2 -theory of the Askey- Wilson function trans- 
form. This leads to explicit parameter restraints for which the formulas derived in 
Section 5 completely determine the Askey- Wilson function transform. Appendix 
A contains a proof of (a reformulation of) the expansion formula for the Askey- 
Wilson function. Appendix B contains two direct proofs for the evaluation of the 
g-analogue of the (one variable) Macdonald-Mehta integral. 

Notations and conventions: Throughout the paper we fix < q < 1. The 
notation C x and M. x is used for C\ {0} and R\ {0}, respectively. The non-negative 
integers {0, 1,2,...} are denoted by Z+. The book [|| of Gasper and Rahman is 
used as main reference for notations and results concerning basic hypergeometric 
series. For k e Z + U {oo} we write (x\, . . . ,x r ;qj, = Y[i=i( x i'- a ) k w ith ( x i°) k = 
Yli=o(^~ x Q l ) the g-shifted factorial. Similarly, we write 9(a\, . . . , a r ) — Y\a=i @( a i) 
with 8(a) = (a, q/a; q) for (products) of renormalized Jacobi theta functions. The 
series expansion 



, {ai,a 2 , ... ,a r \ ^ ( Q 

^{ bl ,b 2 ,...,b s ^ z )=T,- {l 
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defines the r <f) s basic hypergeometric series. The very-well-poised s4>7 basic hyper- 
geometric series is defined by 

\ s^l~aq 2k (a,b,c,d,e,f;q) z k 

s W 7 {a;b, c, d,e,f;q,z) = 2^— 7 77 1 Ta f TT^' 

^ 1-a {q,qa/b,qa/c,qa/d,qa/e,qa/f;q) k 

The bilateral basic hypergeometric series r tp s is defined by 

(ai,a 2 , ■ ■ ■ ,a r \ _ fl2 ' ; ; ; j g )« r/ 1 xn„in(n-l) 1s -r jn 

-^U.^-.fc- ,ff ' V"^ (&i,& 2 ,... A;<?)„ K } 9 J 

We use the branch of the square root which is positive on R>o, with branch 
cut along the half- line (—00, 0) of the complex plane. 

Acknowledgements: The author is supported by a fellowship from the Royal 
Netherlands Academy of Arts and Sciences (KNAW) . I thank Ivan Cherednik, Mar- 
cel de Jeu, Erik Koelink and Eric Opdam for stimulating discussions. 



2. The Askey- Wilson polynomials 

In order to fix notations, we recall the basic properties of the Askey- Wilson 
polynomials in this section. 

The Askey- Wilson polynomials depend, besides q, on four parameters a, 6, c, d. 
To simplify notations it is convenient to use the short-hand notation 

a = (a, b, c, d) 

for the four-tuple of parameters a, b, c, d, which we assume throughout this section 
to be generically complex and subject to the condition Re(a) > 0. We define dual 
parameters 

a<r = (a a ,b a ,c a ,d a ) (2.1) 

by 

a a = y q~ 1 abcd, b a = ab/a a , c a = ac/a a , d a = ad/a a . 

This notation turns out to be quite useful later on when we have to compose involu- 
tions on parameter sets. Since dual parameters play an important role throughout 
the paper, it is convenient to have a second, less cumbersome notation at hand. 
This second notation is 

a a — a. (a a , bcr , c a , d a ) — (a, b, c, d), 

in accordance with Jl2| . The map a 1— > a defines an involution on the four tuple of 
parameters a. Here the condition Re(a) > is needed in view of the chosen branch 
for see the conventions at the end of the introduction. Observe in particular 
that Re(a) = Re(^ q~ l abcd) > for generic parameters a in view of the chosen 
branch for 

Remark 2.1. Throughout the paper we formulate the results under the assumption 
Re(a) > in order to be able to use the duality involution a without worrying about 
the chosen branch of the square-root. In most formulas the condition Re (a) > 
can be easily removed by analytic continuation. 

We define a discrete subset S = S(a; q) C C x by 

S = {s m I m € Z+}, s m = s m (a; q) = dq m . 
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The Askey- Wilson polynomials E s (x) — E s (x;a;q) (s £ S) are defined by the 
series expansion 

/ \ , (as n ,a/s n ,ax,a/x \ 

^W^M ab,ae,ad ; «'«) 

) _ \ ( 2 - 2 ) 

(q n ,q n 1 abcd,ax,a/x 

= ab,ac,ad 

for n 6 Z + , sec 0. For fixed s 6 5, the Askey- Wilson polynomial E s (x) is an 
eigenfunction of the Askey- Wilson second-order (/-difference operator L = L(a; g), 

(Lp)(a;) - C(x)(p(qx) - p(x)) + C^ip^x) - p(x)), 

_ {1 - ax)(l - bx){l - cx)(l - dx) (2.3) 
[X) ~ (l-x 2 )(l-qx 2 ) 
with eigenvalue /i(s), where 

M (7) = -l-a 2 + 5(7 + 7" 1 )- 
Furthermore, the Askey- Wilson polynomial E s (x) has the duality property 

E s (v)=E v (s), seS, veS, (2.4) 

where S — S(a;q) and E v {-) — E v {-;a;q) for ue5. 

Let T = 7^ j9 be a closed, counterclockwise oriented contour in the complex plane, 
for which the sequences eq z+ (respectively e _1 q _z +) are in the interior (respectively 
exterior) of T for all e = a,b,c,d. In case \a\, |6|, |c|, |d| < 1, one can for instance 
take for T the unit circle T in the complex plane. 

We call a function / : C x — * C inversion-invariant if f(x~ l ) = f(x) for all x £ 
C x . For "sufficiently nice" inversion-invariant functions / we define the polynomial 
Askey-Wilson transform (F/)(s) — (¥(a,q)f)(s) of / at s £ S by 

1 F dr 
(F/)( S ) = — - / f(x)E s (x)A(x) 



AniN Jq- x 
where A(a;) = A(z; a; q) is the weight function 

(x 2 ,l/x 2 ;q) Qo 



A(x) 



(ax, a/x, bx, b/x, cx, c/x, dx, d/x; q) 
and the constant N = N(a; q) is the Askey-Wilson integral 

N= — / A(a;) — 



Airi 



(abed; q) 



(2.5) 



' oo 



(q, a6, ac, ad, be, bd, cd; q) 

see [9. Conversely, for "sufficiently nice" functions g : S — > C we define the 
transform (Ig)(:c) = (I(a, q)g)(x) (x £ C x ) by 

with the weight ft-(s) = h(s; a; q) for s £ S given by 
Res (^1) 



h(Sm) 



Res (*M) 

(l — q 2m ^ 1 a6co?) (q~ 1 abcd, ab, ac, ad; 
(l — q~ 1 abcd) (q, 6c, 6d, cd; q) m 



(2.6) 



AN EXPANSION FORMULA FOR THE ASKEY-WILSON FUNCTION 



5 



for m E Z+, cf. |l7| . Here A(x) — A(x;a;q) is the weight function A(x) with 
respect to dual parameters. In this paper, we consider the transform F respectively 
I with respect to two classes of functions / respectively g. We hrst consider the 
function space A = C[a;+a; _1 ] consisting of inversion-invariant Laurent polynomials 
in the variable x for F. Observe that the Askey- Wilson polynomials {E s \ s € S} 
form a linear basis of A. The corresponding function space !Fq(S) for I consists of 
functions g : S — > C with finite support. The set of delta-functions {5 S \ s G S}, 
with S s (v) = 5 S _ V for s,v € S, forms a linear basis of ^(S). The orthogonality 
relations 

If dx 1 

— — / E s (x)E v (x)A(x)— =<5 S) ,~— , s,veS, (2.7) 
AmN J T x h(s) 

for the Askey-Wilson polynomials (see (5[ Theorem 2.3]), imply that ¥(E S ) = 
h(s)~ 1 5 s for s € 5. On the other hand, I(5 S ) = h(s)E s by the definition of I. 
This immediately leads to the following theorem. 

Theorem 2.2. F defines a linear bijection F : A — > JFo(5). /te inverse is given by 
l:T a (S)^A. 



3. The Askey- Wilson function 

In this section we recall the definition of the Askey-Wilson function (see e.g. [[l9) , 
poj, pljl) H and |i^| ), and give some of its basic properties. The Askey-Wilson 
function is a non-polynomial cigcnfunction of the Askey-Wilson second order q- 
diffcrcncc operator, given explicitly as a very-well-poised s<f>7 series. Recall that 
an explicit basis of eigenfunctions for the Askey-Wilson second-order g-difference 
operator in terms of very-well-poised 807 series is known, see Ismail and Rahman 
H (compare also with Suslov 0). See Ruijsenaars |Q for the case \q\ = 1, which 
requires a completely different approach. 

We assume that the parameters a = (a, 6, c, d) are generically complex, and 
subject to the condition Re(a) > 0. The Askey-Wilson function </> 7 (x) = 7 (x; a; g) 
is defined by 

_ (qax-f/d, qa'y/dx, qabc/d; q) ^ 

(abc-f, qj/ d, qxj d, q/ dx, be, qbj d, qc/d; q) ^ (3.1) 
x 8 W 7 (dbc-f/q;ax,a/x,d-f,bj,cj;q,q/d'y), \q/dj\ < 1- 

Note that </> 7 (x) is normalized differently compared with ||l2|| . It is known that 

(L^ix) = /i(7)0 7 (x), 



where L is the Askey-Wilson second-order g-difference operator (|2.3|) , see e.g. 
||, H|. In view of Bailey's formula g (2.10.10)] we can write 

, , , (qabc/d; q) fax, a/x, 07, a/7 



(be, qa/d, qb/d, qc/d, q/ad; q 

(ax, a/x, 07, a/7, qabc/d; q)^ 

(qx/d, q/dx, q^/d, q/d'y, ab, ac, be, qa/d, ad/q; q 

( qx/d,q/dx,q-//d,q/d-y 
X403 v qb/d,qc/d,q 2 /ad !<7 ' g 



(3.2) 



In particular, 4>~/(x) extends to a meromorphic function in (7, x) G C x x C x and is 
inversion-invariant in both x and 7. The possible poles of </> 7 (x) are simple and are 
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located at a; ±1 = q 1+k /d (k e Z+) and 7* 1 = q 1+k /d (k e Z+). It follows from 
Q that 

&(a0 = 7 ; — ( ga6c / d;g )°° Ea ( x ) t seSj (3.3) 

(6c, g/ad, qa/d, qb/d, qc/d; gj^ 

and that 

7 (a;) = ^(7) (3.4) 

where <f> x {l) — ^xill®', q) is the Askey- Wilson function with respect to dual pa- 
rameters. Formula ( p.3| ) implies that the Askey- Wilson function is a meromorphic 
contin uat ion of the Askey- Wilson polynomial in its degree. We will refer to for- 
mula ( |3.3|) as the polynomial reduction of the Askey- Wilson function. Formula (3.4) 



implies that the geometric parameter x and the spectral parameter 7 of the Askey- 
Wilson function are interchangeable in a suitable sense. We will refer to f orm ula 



(3.4) as the duality of the Askey- Wilson function. It extends the duality (2.4) of 



the Askey- Wilson polynomial. 

4. The expansion formula. 

We assume in this section that the parameters a — (a, b, c, d) are generically com- 
plex and subject to the condition Re(a) > 0. In order to formulate the expansion 
formula for the Askey- Wilson function in terms of Askey- Wilson polynomials, it is 
important to keep track of two involutions on the four tuples a — (a, b, c, d). Firstly 
we have the concept of dual parameters, which we have already used extensively in 
the previous sections. It is now more convenient to write the dual parameter with 
sub-index a, so 

eta = (a a ,b a ,c a ,d a ) = (a, b, c, d) = a, 



with a a defined by (2.1). Secondly we define r by 

a T = (a T .b T ,c T ,d T ) = (a, b, c, q/d). (4.1) 
We admit compositions of a and r, for instance we write 

for first applying er to a, and then applying t to a a , i.e. 

a aT = (a, b, 5, q/d). 

Observe that 

OLafa — tt r( j r , Ct TT — (^"^) 

Furthermore, we have seen in Section 2 that a aa — a since Re(a) > 0. 

Finally we use the convention that if H — H(a) is an object depending on a, 
then e.g. H aT , or H aT , denotes the same object in which the four tuple a is replaced 
by a aT . We sometimes write H = H a to simplify notations. 

We define the Gaussian G(x) — G(x; a; q) by 

G(x) = (dx,d/x;q)^. (4.3) 

The terminology stems from Cherednik's ||, jfj work on Gaussians associated with 
Macdonald polynomials. 

The analytic part 4>^ n (x) — </>™ l (x; a; q) of the Askey- Wilson function 4> 1 (x) = 
<fi-y(x; a; q) is defined by 

4> a 1 n (x) = G T (x)- x G^( 7 )- 1 M^ 

- .- ( 4 - 4 ) 
= [Qx/d, q/dx, qj/ d, qj d^q)^ </» 7 (x) . 
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The properties of 7 (x) as described in Section 3 imply that 0" n (x) is analytic in 
(7, a?) G C x x C x . 

Finally we observe that S T = S aT , since 



s m — s m = q rn \/ abc/d, m G Z_| 
We can now formulate the following key proposition. 
Proposition 4.1. For s G S T — S aT and 7 G C x , 

(F-(^»))(.) = ^^ET-(7). 



(4.5) 



(4.6) 



The proof of the proposition, which is based on direct calculations using the 



theory of basic hypergeometric series, is given in Appendix A. Proposition 4.1 leads 
to the following expansion formula for the analytic part 0" ra (x) of the Askey- Wilson 
function. 

Theorem 4.2 (The expansion formula). 



(x) = G TCTT (so) _1 h^{s)G^{s)E^{ 1 )El{x) 
q~ m , q m abc/d, ax, a/x _ 



E 

rn—O 



ab, ac, qa/d 

(1 — abcq 2m /d)(abc/d, ab, ac; q) 
(1 - abc/d) (q, qb/d, qc/d; q) 



q m ,q m abc/d,a-f,a/-f 
' 9 ' <Z)4031 ab,acM 



ad 



(4.7) 



/or aii (7, x) G C x x 



Proof. Fi rst observe that the terms h Ta (s) E % T (7) E% (x) for s € 5 T in the expansion 
sum (4/7) are well defi ned in view of (4.5). Observe furthermore that the second 
expansion sum in (4/7) converges absolutely and uniformly for (7,x) in compacta 
of C x x C x due to the Gaussian type factor g ™(m+i)/2 ( use e.g. |, (7.5.13)] to 
control the convergence of the 4^3 's in the expansion sum). In particular, the 
second expansion sum in (4.7) is analytic in (7, x) G C x x C x . We can now verify 
the second identity in ( [4.7D term-wise using the explicit expression for the Askey- 
Wilson polynomial as a balanced 4(^3 series (see (2.2)), and using the identities 



(be; q) 



G TaT ( s o) (qa/d;q) r 



_ ) q m(m+l)/2 

d 



and 



1 — abcq 2m /d) (abc/d, ab, ac, qa/d; q) 



1 



abc/d) [q, be, qb/d, qc/d; q) 



for m G Z + . So it remains to prove the first identity in ( |4.7| ) . Denote ipy (x) for the 
right hand side of (4.7), which we consider for arbitrary, fixed 7 c C x as an analytic, 
inversion- invariant function in x G C x . Recall that the defining expansion sum for 
ip-y(x) converges absolutely and uniformly for x in compacta of C x . In particular, 
when applying the polynomial Askey- Wilson transform F r to -0 7 , it is allowed to 
interchange summation and integration. Combined with the orthogonality relations 
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|2.7|) for the Askey- Wilson polynomials, we obtain for s € S T , 



ti£S' 



h™(v)G™r («)K r (7) (F T (^))( S ) 



(F T (0D)( S ) 



where the last equality follows from Proposition 4.1. Since any analytic, inversion- 
invariant function / : C x — > C is uniquely determined by its image under the 
polynomial Askey- Wilson transform F T , we conclude that ip-y(x) = (f>® n (x) for all 
x e C x , as desired. □ 

Remark 4.3. The right hand side of the expansion formula ( |4.7| ) resembles the (non- 
symmetric) Poisson- kernel for Askey- Wilson polynomials, see [Q. The essential 
difference is the occurrence of the Gaussian G TaT (s) in the expansion sum (4.7), 
which is not present in the Poisson- kernels. It is also due to this extra factor that 
the expansion sum ( |4.7| ) has better convergence properties. 



We explore now the implications of the formulas (4J3) for the polynomial Askey- 
Wilson transform F and its inverse I. Let F{S) be the space of functions g : S — > C. 

Proposition 4.4. For s € S T = S aT , we have 
(be, be, d/a, ad, q/ad, bd, cd; q 



¥(e:G- 1 ) 



ibcd: q) 



00 G T<JT {s)E° T G aT e T{S). (4.8) 



Proof. Let s £ S T and v € S . It fo llow s from the polynomial reduction (3.3) of the 
Askey- Wilson function, ( |4.4[) and (4.6), that 

(be, d/a, ad, bd, cd; q) 



{¥(ElG- 1 ))(v) = 



(abed; q)^ 
(be, d/a, ad, bd, cd; q) 



(F^G- 1 ))^) 



» G TaT {s)(¥((j) a s n - T ))(v) 



(abed; q) ^ 
(be, d/a, ad, bd, cd; q) ^ G TryT {s)G aT (v) 



E7 T {s). 



Now S = 5 CTT<T and S T 



(abed^q)^ G^(so) 
S aT — S aTaa , so we conclude from fl4.2|) and from the 



duality ( |2.4D of the Askey- Wilson polynomials that 

E^(s)=E^(s) = E^(v). 

-l 



(4.9) 



Furthermore, G aT (so) = (be, q/ad; g) * , hence 

, „ (bc,bc,d/a,ad,q/ad,bd,cd;q) 
(F(S s r G- 1 ))(w) = ^-LJ ' 

as desired. 



(abed; g) ^ 



■G TaT {s)El r {v)G ar {v), 



□ 



Remark 4.5. Observe that 

G(x)- 1 A(x) 



(x 2 ,l/x 2 ;q) r 



(ax, a/x, bx, b/x, cx, c/x; g) 

is the orthogonality weight function for the continuous dual g-Hahn polynomials. 
Formula (4.8) thus computes the constant term of the product of two Askey- Wilson 



polynomials (with parameters (a, b, c, q/d) and (a, b, c, d) respectively) with respect 
to the continuous dual g-Hahn orthogonality measure. This observation leads to the 
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following alternative way to prove Proposition 4.4. First use the explicit expansion 
of the Askey- Wilson polynomial as linear combination of continuous dual g-Hahn 
polynomials (see [|[ (7.6.8) & (7.6.9)], and be aware of the fact that a factor (g; q) 
is missing in the numerator of |j, (7.6.9)]), and substitute these for the two Askey- 
Wilson polynomials E T S (s € S T ) and E v (v £ S) in (F^JG" 1 )) (v). Using the 
orthogonality relations for the continuous dual g-Hahn polynomials we arrive at a 
single sum, which is easily seen to give the same result as (4 



Cherednik's formulas || (1.15)] involving continuous q-ultraspherical polynomials 
can now be generalized to the level of Askey- Wilson polynomials as follows. 

Theorem 4.6. The polynomial Askey-Wilson transform F = F(a;q) defines a lin- 
ear bijection 



with inverse 

Explicitly, we have 
¥{EIG- 1 ) = 

l(E a s T G aT ) = 
for seS T = S aT . 



F : AG' 1 -> {AG ar )\ s C T(S), 
I: {AG aT )\ s ^ AG' 1 . 
(be, be, d/a, ad, q/ad, bd, cd; q) 



[abed; q) 
(abed; q) 



(be, be, d/a, ad, q/ad, bd, cd; q) c 



G TaT {s)E1 T G aT ', 
G^^s^ElG- 1 , 



(4.10) 



Proof. In view of the previous proposition, it suffices to prove the explicit formula 
for l(E° T G aT ). 

Let s E S T = S aT , then l(E° T G a " T ) (x) is given by a series expansion in Askey- 
Wilson polynomials E v {x) (v S S) which converges absolutely and uniformly on 
compacta of i € C x , compare with the proof of Theorem [T^. In particular, 
is an inversion-invariant, analytic function. Furthermore, when ap- 
plying F to l(E° T G aT ) we may interchange summation and integration. The or- 
thogonality relations (2.7) for the Askey-Wilson polynomials then show that 



F(l(£ s crr G' TT )) = E a s T G° 



On the other hand, Q4.8D shows that E% T G C7T £ F(S) is the image under F of the 
analytic, inversion-invariant function 



(abed; q) 



(be, be, d/a, ad, q/ad, bd, cd; q) 



G TCTT (s)- 1 SJG- 



Since any inversion-invariant, analytic function / : C x — > C is uniquely determined 
by its image under the polynomial Askey-Wilson transform F, we conclude that 



(E1 T G a 



{abed; q) 



(be, be, d/a, ad, q/ad, bd, cd; q) 



■G T,7T {s)- 1 E T s G- 1 , 



as desired. 



□ 



Remark 4.7. The explicit formul a fl4.10| ) for I(E° T G aT ) (s e S aT ) can also derived 
from the polynomial reduction (3.3) for the Askey-Wilson function and from the 
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expansion formula (4.7), since 



T/~1— 1 



EZG 



be, d/a, ad, bd, cd; g) 



oo it 



(abed; q)^ 
be, d/a, ad, bd, cd; g) 



oo /~it<jt { \ ian,T 



(abed; q) ^ 
be, d/a, ad, bd, cd; q) 



(abed; q)^ 
be, be, d/a, ad, q/ad, bd, cd; q 



G~ 

G TaT (s) 

G TaT (s) J2 h a {v)G aT (v)E T v aT (s)E v 

G TaT (s) h a (v)G aT (v)E° T (v)E v 



(abed; q) ^ (s ) 
be, be, d/ a, ad, q/ad, bd, cd; q 

ves 

] oo G TaT (s)l(E a s T G 



(abed; q) 



where the fourth equality follows from (4.S). 

Remark 4.8. The special case s = Sq in the formula ( p~lfj|) for 1(E° T G aT ) gives 



(abed; q) 



(ad, bd, cd; q) 



(abed; q 



E 



oo rn—0 



(l-q 2m 1 abcd)(q 1 abcd,ab,ac;q) / ~d\ m mi _ . , 

- — q 2 E Sm (x), 
K q2 a' 



(1 — q 1 abcd)(q,bd,cd;q) j 



which may be viewed as a generalization of Jacobi's triple product identity [g, 
(1.6.1)] to the level of the Askey-Wilson polynomials. Specializing x = Sq = a in 
this formula leads to a limiting case of Rogers' ||, (2.7.1)] summation formula of a 
very- well-poised §4>5 series, 



a , qa, —qa, ab, ac 
a, —a, bd, cd, 



; q, d/a 



(abed, d/a; q) 
(bd, cd; q)^ 



The special case (F(G _1 ))(a) of (4.10) is the evaluation of the Askey-Wilson inte- 
gral with one of the four parameters equal to zero, cf. Remark |4.5| . In Cherednik's 
|| terminology, both (F(G _1 ))(a) and (l(G" TT ))(a) are (polynomial) (/-analogues 
of the (one variable) Macdonald-Mehta integral. 

5. The Askey-Wilson function transform 

In fl^] , Koelink and the author defined and studied a generalized Fourier trans- 
form called the Askey-Wilson function transform, whose kernel is give n by the 
Askey-Wilson function. In this section we show that Proposition 4.1, together 
with the inversion formula jl^, Theorem 1] for the Askey-Wilson function trans- 
form, leads to an explicit expression for the image under the Askey-Wilson function 
transform of an Askey-Wilson polynomial multiplied by a Gaussian. These explicit 
formulas lead to a non-polynomial analogue of Theorem 4.6. 

We start by recalling the definition and the main properties of the Askey-Wilson 
function transform, see [Q for more details. We use slightly different conventions 
and normalizations compared with |^2j. 

We fix a five tuple 

fi = (a,t) = (a,b,c,d,t) e R 5 
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satisfying the conditions 

t < 0, < 6, c< a < d/q, 

ij ' , ~ (5-1) 

bd, cd > q, ab, ac < 1. 

The parameters b, c, d then automatically satisfy 6, c < 1 and d > q. The dual 
parameter t a = t is defined by 

i CT =t=-L (5.2) 

Note here the slightly different convention compared with Ej , (4.4)]. The dual 
parameters /3 CT = (3 = (S,t) satisfies the same conditions (5.1) as (3 — (a,t), see 
|l2| , Lemma 1]. In fact, (3 <—> (3„ defines an involution on the five tuples (3 — (a,t) 
satisfying ( |5.l| ). For an object H = H(f3) depending on (3, we write H a , or H, for 
H(f3 a ). 

A new weight function W(x) = W(x; (3; q) is defined by 

W{x) = A(x)Q(x), 

where A(x) = A(z; a; q) is the weight function for the Askey- Wilson polynomials 
and O(x) = Q(x;f3;q) is the quasi-constant 

_ 8(dx,d/x) 

U[x) ~ e(dtx,dt/ x y {b - 6 > 

For generic parameters (3 such that the weight function W has simple poles, we 
define a measure m = m(- ; j3\ q) by 

/ f(x)dm(x) = / /(x)W^)- + i £ (/(*) + A*" 1 )) Res f — ) > 

(5.4) 

where D = D+ U D_ is the infinite, discrete set given by 
D+ = {aq k | k £ Z+ : aq k > 1}, 

D-={dtq k \keZ: dtq k <~1}. '''"^ 

We can extend the definition of the measure m to a positive measure for all parame- 
ters (3 satisfying (5.1), using the fact that the discrete weights m({x}) = m({a; _1 }) 
for x € D depend continuously on /3, see [jl2], (5.7) & (5.8)]. 

Let L 2 ^ (m) be the Hilbert space of L 2 -function / with respect to the measure m 
satisfying f(x) = f(x^ 1 ) m-a.e. The Askey- Wilson function transform J = J{J3\ q) 
is now defined by 

(^/)(7) = ^ / /(^ 7 (x>Mx) 

for compactly supported functions / € L?_(m), with K = K((3;q) the positive 
constant 

K 



y/ 6(adt, bdt, cdt, qt) 

_ (qabc/diq)^ 1 ^ 

(q, ab, ac, be, qa/d, qb/d, qc/d; g) y/8(adt, bdt, cdt, qt) ' 

where N is the Askey- Wilson integral, see ([2.5|). 
We can now restate [O, Theorem 1] as follows. 
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Theorem 5.1. The Askey-Wilson function transform J uniquely extends by con- 
tinuity to an isometric isomorphism 

J : L\(m) -» L 2 + {m a ). 

The inverse of J is given by J a : L~,{m a ) — > L 2 + {m). 



Combined with (4.6), we obtain the following main result of this section. 



Theorem 5.2. Suppose that the parameters (3 — (a,t) satisfy the conditions (5.1). 
Let s£S T =S aT , then 

(j(E T s G T ))(j) = 1 = G ™^} e< j s t { 1 )G' t ( 1 )- 1 Q' t ( 1 )-\ 

V V s ' n ' y/0(adt,bdt,cdt,qt) G™(s) s y " y " K " 

( l 7(£JG- 1 e- 1 ))( 7 ) = y/0(adt, bdt, cdt, qt) r<yT j' {l), 

" \ s o) 

(5.7) 

as identities in L 2 + (m a \ 

Proof. Observe that the factor 9(adt, bdt, cdt, qt) appearing in the formulas is in- 
variant under the parameter involution a. In view of Theorem 5.1 it thus suffices 
to prove the explicit evaluation formula for 1 /(i?JG _1 0~ 1 ) with se5 T . We show 
that it is in fact a reformulation of ( |4.6| ). 

Observe that -EJG -1 © -1 G L 2 + (m), since it is a compactly supported function 
(use here that O -1 vanishes on the discrete mass points D_ of the measure m). 
For the moment we assume that the parameters (3 = (a, t) satisfy the conditions 
( |5.l| ) and that they are generic. Recall that the conditions (5.1) on the parameters 
j3 imply that < b, c < 1 and d > q. By Cauchy's Theorem we thus conclude that 

-L / f{xW{x)^- = -L / f{xW{x)^- 
Am J T r x Am Jj x 

+ 5 E (/(»> + /(»-')) 5- (^) 

for analytic, inversion- invariant functions / : C x — > C, where D + is given by ( |5.5] ). 
Since O -1 vanishes on the discrete mass points D_ of the measure m, and since 

4> 7 (x)e(x)- 1 G(x)- 1 W(x) = cj) 1 (x)G T (xy 1 A T (x) 

we obtain for s G S T , 

(JiElG-iQ- 1 ))^) = A {_! ^ El{x)^{x)^{x)^ G~( 7 ) 
A/" 1 " 

= (F-(0-))( S )G-(7) 



G T<TT (s)7V r 
G T<Tr (s5)if 



^r(7)G CTT ( 7 ), 



where the last equality is due to ( |4.6|). The desired identity now follows from ( |4.2| ) 
in view of the explicit expression ( |5.6| ) of the constant K. The generic conditions 
on the parameters (3 can be removed by continuity. □ 

Consider the sub-spaces V c i = V c i(P;q) and V s tr = V s tr{P',q) of L 2 + {m) defined 

by 

V cl = AG- l @-\ V str =AG T . 

The subscripts "cl" and "str" stand for "classical" and "strange" respectively. This 
terminology is justified by the harmonic analytic interpretation of the Askey-Wilson 
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function transform, see Indeed, when we regard m as the Plancherel measure 
for the quantum SU(1, 1) group, then the functions / S V c i are supported on the 
"classical part" of the measure to, which is the part of the measure representing 
the contributions of the principal unitary series representations and of the positive 
discrete series representations to the Plancherel measure. This translates to the 
property that all functions / € V c i vanish on the discrete mass points D_ of the 
measure to. The functions V str on the other hand also have support on the "strange 
part" D- of the measure to, which is the part of the measure representing the 
contributions of the strange series representations to the Plancherel measure. 

Obviously V c iC\V s tr — {0} since any / 6 V c i is zero on D-. Note that V c i(BV s tr C 
£+(to) is not an orthogonal direct sum decomposition, since for all s,u G <S T , 

E T (r) N T 
u[ > -El(x)G T (x)dm(x) = — r ^6 s , a 



G(x)Q(x) * w w w h T °(s) 

by the orth ogon ality relations (2/7) for the Askey- Wilson polynomials, cf. the proof 
of Theorem 5.2. In the next section it is shown that V c i © V str is a dense sub-space 
of L+(m) if we impose an extra condition on the allowed parameter values for 
j3 (see Proposition 6.4). For these parameters (3, the explicit formulas (5/7) thus 
completely determine the Askey- Wilson function transform. In particular, V s t r then 
completely takes care of the "strange part" D- of the measure to. 
The formulas (5/7) immediately lead to the following result. 

Corollary 5.3. The restriction of the Askey- Wilson function transform J to the 
sub-space V c i C L~,(m) defines a linear bisection J\v cl ■ V c i —> Vf tr . The inverse of 
J\v cl is given by J°\v° tr - 

The transform J\v cl is closely related to the polynomial Askey- Wilson transform 
F T acting upon the sub-space A G T ~ 1 . In fact , for generic fj satisfying the conditions 
(l5.ll), we have 



(J(E;G-^)) M - ^ -^J^^ ( F(E „ (5.8) 

for all u € 5 and s S S T by the polynomial reduction (3/3) of the Askey- Wilson 
function, compare with the proof of Theorem Observe in particular that the 
explicit formulas ( 4.10 ) for the po lyno mial Askey- Wilson transfo rm F r acting on 
AG T ~ 1 are direct consequence of (5.8) and the explicit formulas (|5.7|) for J\y al . 



On the other hand, by the strong convergence of the Gaussian G T {x) as |a;| 
tends to zero it is possible to rewrite J\v stT as a completely discrete transform 
by shrinking the radius of the integration circle T in m to zero while picking up 
residues. 

These remarks show that the Askey- Wilson function transform J contains a 
continuous, polynomial ("compact") type transform and a discrete, non-polynomial 
( "non-compact" ) type transform in a natural way, which are essentially each-others 
inverses. In the opposite direction, one may view the Askey- Wilson function trans- 
form J as a self-dual transform obtained by glueing a continuous, compact type 
transform and a discrete, non-compact type transform together. 

Remark 5.4. Cherednik's || affine Hecke algebra approach extended to the present 
Askey- Wilson set-up shows that there is a natural flexibility in the choice of the 
measure to. More precisely, it turns out that for several different choices of measure 
m, the associated Fourier transform J m admits explicit formulas which have a 
similar structure as the formulas ( |5.7| ) for the Askey- Wilson function transform. 
This provides another explanation for the similarities between Theorem 4.6 and 
Theorem 5.2. The "proper choice" of measure to (and hence of Fourier transform 
Jm) thus depends on the applications which one has in mind. For harmonic analysis 
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on the quantum SU(2) and quantum SU (1,1) group, the "proper choice" is the 
polynomial Askey- Wilson transform F and the Askey- Wilson function transform 
J, respectively (see |l3| and Q, respectively). 

We have used the inversion formula for the Askey- Wilson function transform 



(see Theorem 5.1) to explicitly compute the Askey- Wilson function transform J 



acting upon functions / € V s tr, see Theorem 5.2. On the other hand, the formulas 



(5.7) can be used to reprove the inversion formula and Plancherel formula for the 
Askey- Wilson function transform for those parameter values (3 such that V c i ffi 



V str C L\(m) is dense (see Proposition 3/7 for the related density result). It 
would therefore be of interest to have an alternative proof of the formulas (5.7) 
without referring to the main results of [Q. This is also of interest for the study 
of multivariable generalizations of the present results. 



An alternative proof for the key formulas (5.7) is indeed possible using Chered- 
nik's |5), Q theory of afhne Hecke algebras, together with some elementary elliptic 
function theory. We do not go into details here, but only remark that these tech- 
niques reduce the explicit computation of J on V s tr to the evaluation of (j(G T )) (a), 
which is a g-analogue of the (one variable) Macdonald-Mehta integral, cf. Mac- 
donald (li). The integral (j(G T ))(a) can also be viewed as a "non-polynomial" 
analogue of the (one variable) q-Macdonald-Mehta integrals as discussed in Remark 



4.8 . The evaluation of (j(G T ))(a) is equivalent to the following explicit identity. 

Theorem 5.5 (One variable g-Macdonald-Mehta integral). For generic parameters 
a, b,c,u <G C x with q < \u\ < 1 and \a\, \b\, |c| < 1, we have 

1 f (x 2 ,l/x 2 ;q) oo dx 



Airi Jf (ax,a/x,bx,b/x,cx,c/x;q) oo 6(ux,u/x) x 

(x\l/x*;q) 



> Rcs h ; 1 T ; r-H = ( 5 - 9 ) 

^— J x=uq- k \(ax,a/x,bx,b/x,cx,c/x;q) oo 9(ux,u/x)x J 

1 8(abcu) 
(q, ab, ac, be; q) 9(au, bu, cu) 



Proof. For generic parameters /? satisfying ( |5.l| ) and satisfying \a\, \b\, \c\ < 1 and 
q < \dt\ < 1, we compute ( j(G T )) (a) in two different ways. The first way is by 
substituting the definition of the Askey- Wilson function transform J and using the 
polynomial reduction (|3.3|) for the Askey- Wilson function. This gives the left hand 



side of (5.9) with u = dt, multiplied by the constant 
(q, ab, ac; q) 



(q/ad; q) 



■ y 9(adt, bdt, cdt, qt) . 



The second way to compute (j(G T ))(a) is by using (5.7) (take s = and 7 = a 
in the first formula of ( |5.7| )). This gives the explicit infinite product evaluation 

(j((T))(a) = 1 e(at,abcdt) 

Combining both expressions for (J(G T )) (a) gives (|5.9| ) with u = dt. The conditions 
on the parameters can be removed by analytic continuation. 



Due to its independent interest, two alternative, direct proofs of ( |5.9|) are given 



in Appendix B. □ 

6. Density results 

We next address the question whether V c i © V s tr is a dense sub-space of L 2 + (m), 
i.e. whether the explicit formulas (|5.7|) completely determine the Askey- Wilson 



AN EXPANSION FORMULA FOR THE ASKEY-WILSON FUNCTION 



IS 



function transform. Surprisingly, the solution to this problem can be derived from 
density results related to the polynomial Askey- Wilson transform F. We therefore 
first discuss the L 2 -theory of F and of its inverse I. 

For our purposes it suffices to restrict attention to parameters a = (a, b, c, d) 
satisfying the conditions 

(i) a,b,c,de R, 
(ii) d < < a and abed > 0, 
(iii) ab, ac, ad, be, bd, cd < 1. 

Under these conditions, at most two of the four parameters have moduli > 1. If two 
parameters have moduli > 1, then they have opposite sign. For future reference, 
we write V po i for the set of four-tuples a = (a, b, c, d) satisfying the conditions (i), 
(ii) and (iii). 

For generic a G V po i and for sufficiently regular, inversion-invariant functions 
/ (e.g. for / G A or / G AG -1 ), we can rewrite the Fourier transform (F/)(s) 
(s G S) by Cauchy's Theorem as 



F/)(s)= / f{x)E s {x)dv{x), (6.1) 
with v = v(- ; a; q) the positive measure 



kef 



with F = F(a; q) the finite, discrete set 

F = {eq k | e G {a, b, c, d}, k G Z+ such that |eg fe | > 1} 



(6.2) 



and with N the Askey- Wilson integral ( |2.5| ). By continuity in the parameters a, 
both ( |6.l[ ) and (6.2) may be extended to all parameters a G V^„/. We use the 
notation L 2 + {y) for the L 2 -functions / : C x — » C with respect to the measure i/ 
satisfying /(x) = f(x -1 ) v-a.e. Sometimes it is convenient to think of the measure 
v as a positive measure v on the real line supported on 

[-2,2]UF, F = {x + x- 1 | x G F}, 

by the change of variable y = x + x~ l . The measure v is then given by 

f(y)dHy) - ^- f m—^j-rdy + Y, fivHiv}), 

47TA J_ 2 (1- J/ 2 /4)2 ^— 1 

with the weight function A satisfying A(a; + x^ 1 ) = A(x) and with the discrete 
weights 

9({a; + x- 1 }) := v{{x}) + viix- 1 }) = 2v{{x}), x G F. 

The Hilbert space L+(v) can then be identified with the Hilbert space L 2 (y) of 
L 2 -functions with respect to the measure v (cf. Q). Observe that the space C[x] 
of polynomials with complex coefficients is dense in L 2 {y) since v is compactly 
supported. Equivalently, A C Lz,(v) is a dense sub-space. 

For a G T^,oZ we define the discrete measure /J, = ; a; q) supported on 5 by 



g(x)dfi(x) = ^2g(s)h(s). 



ses 



Observe that fi is a positive measure since the inverse quadratic norm h(s) (see 
d2.6| )) of the Askey- Wilson polynomial i? s is strictly positive for a G Vp C ;. Let L 2 (p) 
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be the corresponding L 2 -space. By continuity, Theorem 2.2 implies the following 
result. 

Corollary 6.1. Let a € V po i- The polynomial Askey-Wilson transform F and its 
inverse I extend by continuity to isometric isomorphisms 

¥:L 2 + { V )^L 2 {p), 

l:L 2 (p)^L 2 + (v). 

Furthermore, I : L 2 (p) — ► L^_(V) is the inverse o/F : L 2 + (y) — > L 2 (p). 

Combined with Theorem |4.6| we obtain the following lemma. 



Lemma 6.2. Let a G V po \- The orthocomplement of AG -1 in L~,(v) {respectively 
of (AG aT )\s in L 2 (p)) is finite dimensional. In both cases, the dimension of the 
orthocomplement is 

#{neZ+ I |dg n | >1}. 

In particular, AG^ 1 C L+(^) (respectively (AG crT )\s C L 2 (p)) is dense if and 
only if \d\ < 1. 

Proof. Let a = (a,b,c,d) € V^, ;. Let G be the meromorphic function satisfying 
G(x + x^ 1 ) = G(x). Let F$ be the intersection of the polar divisor of G with the 
set F of discrete mass points of v. It is easy to verify that 

F = {dq n + d^q- 71 | n e Z+ : |dg n | > 1}. 

The closure of C[x] G _1 in L 2 (v) is exactly the sub-space of functions / € L 2 (v) 
which vanish on Fq, since v is compactly supported. Hence the orthocomplement 
of C[x] G^ 1 in L 2 (y) is a #Fo-dimensional sub-space of L 2 (v). Equivalently, the 
orthocomplement of AG^ 1 in L\( y) is a #i*o-dimensional sub-space of L\{v). 

The identities in Theorem |4.6| , which were proven for generic parameters a, 
are valid for all a G VJ, / since they are regular at a 6 V po i. By Theorem |4.6| 
and Corollary [O] the previous results on AG^ 1 C L+(^) thus imply that the 
orthocomplement of (AG aT )\s in L 2 (^) is a #i<o-dimensional sub-space of L 2 (p). 

□ 

Remark 6.3. Suppose that a € V^ ; with \d\ > 1. It follows from Theorem |6.l| and 



from the proof of Lemma 6.2 that the functions /„ £ L 2 (p) (n E Z+: \dq n \ > 1) 
defined by 

form an orthogonal basis for the orthocomplement of (AG aT }\s in L 2 (p). The 
quadratic norm of /„ (n G Z + : |d<7 n | > 1) in L 2 (p) is given by 

|/„( S )| 2 d^)- TaTTY 

Res (^M) 

for the generic parameters a £ V po i such that the pole of A(y) at y — dq n is simple. 

Corollary 6.4. Let u,v G M x wi£/i \u\ < 1 and v > 0. Let p = p UjV be the positive 
discrete measure given by 

« oo 

/ f(x)dp(x) = A u 9* + ^W^ 5 (6.3) 
J k=0 

and let L 2 (p) be the associated L 2 -space. Then C[x] is dense in L 2 (p u _ v ) if and only 
ifv<l. 
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Proof. Let a = (a,b,c,d) G V po i- Observe that the condition a G V po i implies 
a < , so s n + s^ 1 = s m + s" 1 for m, n G Z + iff n = m, where (recall) s n — dq n . 
Hence we can define a positive, discrete measure p supported on Sn + s' 1 (n G Z+), 
with weights 

P(K + s" 1 }) - \G° T ( Sn )\ 2 p({s n }), n G Z+. 

The corresponding L 2 -space L 2 (p) is isomorphic to L 2 (p) via the surjective isomet- 
ric isomorphism T : L (p) — > L 2 (p) defined by 

(T/) (s„ + s- 1 ) = G aT (s n )~ 1 f(s n ), n G Z+. 

Furthermore, the image of ( y AG aT )\s under T is exactly the space C[x] C L 2 (p) 
of polynomials with complex coefficients. It thus follows from the previous lemma 
that C[x] is dense in L 2 (p) iff \d\ < 1. 

A direct computation using (UM) shows that 



K{Sn + Sn 1 }) = 7(S„ + S n l )p &:d 2({s n + S,^ 1 }), 71 G Z 



+ 



with p u tI the positive, discrete measure defined by (3.3) and with 

7 : supp(p) = supp(p 5:d 2) ->■ R >0 

a strictly positive, bounded function with bounded inverse. We conclude that C[x] 
is dense in I/ 2 (p 5]d 2) iff \d\ < 1. 

Choose now v > and < u < 1 arbitrarily. Then there exist parameters 
a = (a, b, c, d) € V^ ; such that 

d 2 ~ v, a = u. 

This proves the corollary in case < u < 1. The corollary for — 1 < u < 
follows from the result for < u < I, using the surjective isometric isomorphism 
S : L 2 { Pu , v ) -» L 2 (p- U , v ) defined by = /(-x). □ 

Remark 6.5. Borichev and Sodin [Q, Theorem A] formulated criteria for the density 
of the space of polynomials C[x] in a L p -space (p > 1) when the associated measure 
is supported on the zero set of a Hamburger class function B, see Q for more 
details. The measure p u<v is of this particular form, with the associated Hamburger 
class function B given by 



flW- II (i-J) 



Aesupp(p u ,„ 



It is a nice exercise to re-prove Corollary 5.4 using these general criteria of Borichev 
and Sodin. 

Remark 6.6. By a result of M. Riesz (see e.g. Lemma A]), it is easy to verify 
that the measure p UjV for u, v G K x with |u| < 1 and v > corresponds to a 
determinate moment problem if and only if < v < q 2 . In particular, p U}V is 
a iV-extremal measure (or, in the terminology of a canonical measure) if and 
only if q 2 < v < 1. If p U; ^ is determinate (i.e. if u < g 2 ), then p Ui „ has a finite 
index of determinacy, which can be computed explicitly (see Berg and Duran || 
for a detailed study of measures with finite index of determinacy). On the other 
hand, if p u . v is indeterminate and the polynomials are not dense in L 2 (p UtV ) (i.e. 
if v > 1), then the dimension of the orthocomplement of C[x] in L 2 (p UyV ) equals 
#{fc G Z + | |w<7 2 ' c |_> 1} by e.g. [Q, Proposition A1.4]. This observation nicely 
relates to Lemma p. % 

We now use Corollary |6.4| to derive the following density result for the linear 
sub-space V c i © V str C L^m). 
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Proposition 6.7. Let the parameters (3 — (a,t) satisfy the conditions (5.1). Let 
k G Z be the unique integer such that 1 < |dig fc | < q^ 1 . 
The sub-space 

V c i © V str C L\(m) 

is dense if an d on ly if\atq k \ > 1. Furthermore, the (non-empty) set of parameters 



(3 satisfying (5.1) and satisfying the condition \atq \ > 1 is invariant under the 



duality involution a. 

Proof. We first prove the last part of the proposition. Suppose that the parameters 
[3 satisfy (|5.1|) and \atq k \ > 1, where k G Z is the unique integer such that 1 < 



\dtq k \ < g -1 . The dual parameters (3 = (3 a then satisfy the conditions (5.1) in view 
of jlj, Lemma 1]. It remains to verify the inequality \aiq r \ > 1, where r G Z is the 
unique integer such that 1 < \dtq r \ < q . By the definition of dual parameters 
the condition 1 < \dtq r \ < q^ 1 is equivalent to the condition q < \atq~ r \ < 1. In 
particular, — r > k. But then 

\atq r \ > q^\atq- k \ = gT^d -1 * -1 q~ k \ > 1, 

which is the desired inequality. 

We now focus on the first part of the statement. We fix parameters (3 satisfying 



the conditions (5.1). Via the change of variable y = x + x 1 we can rewrite the 
measure m as a positive measure monR supported on T> c i U T> str , where 

V c i = [-2, 2] U {aq n + aT X q- n \ n G Z+ : aq n > 1}, 
V str = {uq n + u- 1 q- n | 71GZ+}, 

with u = d~ 1 t~ 1 q~ k . Here k G Z is the unique integer such that 1 < \dtq k \ < q~ x . 
Under the change of variable y = x + x~ 1 , the Hilbert space L 2 + {m) is isomorphic to 
the Hilbert space L 2 (m) of L 2 -functions with respect to the measure fh (compare 
with the identification of L 2 + (v) and L 2 {p) as discussed at the beginning of this 
section). 

Consider V c i = C[x] <p and V s t r — C[x] G T as linear sub-spaces of L 2 (m), where 
f and G T are the meromorphic functions satisfying 

tp(x + x- 1 ) = Qix^Gix)- 1 , G T (x + x- 1 ) = G T (x). 

Then V c i © V str C L 2 + (m) is dense iff V c i © V str C L 2 (m) is dense. 

Let fh c i = fh\x> cl (respectively fh — fh\x> str .) be the restriction of the measure 
fh to T> c i (respectively V str ), and denote L 2 (fh c i) (respectively L 2 (fh str )) for the 
associated L 2 -space. We define surjective, continuous linear mappings 

7r c/ : L 2 (m) -> L 2 (fh c i), -K str : L 2 (fh) -> L 2 (fh str ) 

by 7T d (/) = f\ Vcl and 7r str (/) = f\v st ^ 

Observe that TT c i(ip) is non-zero m c ;-a.e. due to the conditions (5.1) on the 
parameters (3. Since the measure m c / is compactly supported, we conclude that the 
sub-space tt c i(V c i) C L 2 (fh c i) is dense, compare with the proof of Lemma 6.2. 



Let H c i C L 2 (fh) be the closed sub-space of functions / G L 2 (fn) with support 
contained in T> c i. Then V c i C H c i since ip vanishes on T> str , and tt c i\h c1 ■ H c i — > 
L 2 (fh c i) is a surjective isometric isomorphism. It follows that V c i C H c i is dense. 

Since V c i C H c i is dense we have that V c i®V s tr C L 2 (fh) is dense iff ir s tr{V s tr) C 
L 2 (fh s tr) is dense. It thus suffices to prove that TT s t r (V s t r ) C L 2 (fh str ) is dense iff 
the parameters (3 satisfy the extra condition \atq k \ > 1. Observe first that — 1 < u = 
d~ 1 t~ 1 q~ k < by the conditions (bjj) on the parameters (3 and by the definition of 
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the integer k. Furthermore, for any discrete mass point y n = uq n + u 1 q n € T> a t r 
(n e Z_|_), we have 



\G T {y n )\ 2 m str ({y n }) = ^(y n )pu,v({y n }), v:= a 2 t 2 q 2; 



with p — p u ^ v the measure ( |6.3| ) and with 7 : T> str — > K>o a bounded function 
with bounded inverse (we have use here the explicit expression for the weights 
rn s t r ({?/ n }), see (5.8)]). It follows that TT s tr (Vstr) C L 2 (fa s t r ) is dense iff C[x] C 
L 2 (p u ,v) is dense, cf. the proof of Corollary 6A. The desired density result is now 
a direct consequence of Corollary pA. □ 



7. Appendix A: Proof of Proposition 4.1 



In this appendix we give a proof of the formulas (4.6), which can be rewritten as 



(F T (^« tt ))(0 = 



(ga/d; g) 



X 403 



-qa 
~d~ 



m(m-l)/2 



, q m abc/d, 07, a/7 
a6, ac, 6c 



9,9 



(7.1) 



for m G Z+. 

Throughout the proof of ( 7J ) we fix m 6 Z + , and we set s = sJJ, . We substitute 
the expression (3.2) for the Askey- Wilson function </> 7 (x) in the integral 



4-rriN 



A T (a;) da; 



1 



4?riiV r G ,TT (7) 



G T (x) x 



and we use that 



(be, qb/d;q) m fa 
(ac, ga/d; g) 



(?) * 



g m ,q m abc/d,bx,b/x 
ab,bc,qb/d 



g,g 



by Sear's transformation formula [|| (2.10.4)] with a,b,c,d,e and / in (2.10.4)] 
taken to be q m abc/d, ax, a/x, ab, ac and ga/d, respectively. We arrive at 



(bc,qb/d;q) m / a \ m 



(ac, qa/d; g) ? 
with I\ (7) given by 

(qabc/ d, 97/ d, g/ dj; q) 



(I) {Ii(j)+h(j)}, (7.2) 



h(l) 



(be, qa/ d, qbj d, qcj d, qj ad; g) x 

x yy 5/7; q) k (q- m ,q m abc/d; q) n ^ k+n 



d.7 - 



AmN T J T r (q k ax,q k a/x, q n bx,q n b/x, cx, c/x;q) X 
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and with 22(7) given by 

(qabc/d,a-f,a/-f;q) 



(ab, ac, be, qa/d, ad/q; g) c 



m 00 



y y {qild,q/d r ,q) k {q m , q m abc/ d; q) n ^ k+n 

1 /■ (^V^L 



d.r 



AmiN T } T r (q n bx,q n b/x,cx,c/x,q k + 1 x/d,q k + 1 /dx;q) oo x 



Now the integrals in the expressions for I\ (7) and 7 2 (7) can be evaluated as special 
case of the evaluation of the Askey- Wilson integral, see (2.5). The resulting sum 
over k in both and ^2(7) can then be rewritten as a non-terminating 302. 

This leads to the identity 



(q m ,q m abc/d;q) n ^ n j (yy/rf, q/dj; g)^ f a"f,a/j,q n ab 



a&, ad 



;g,g 



(57,5/755) 



(ad/o; ) oo (a6;o) ii 3 ^ V q 2 /ad,qb/d 



(q 1 ld,q/d 1 ,q n+l b/d_ 



Applying the three-term transformation formula (3.3.1)] for 3^2 's with param- 
eters a,b,c,d and e in j^, (3.3.1)] specialized to q~ n , 07, a/7, ao and 6c(= qa/d) 
respectively, shows that 



n=0 



(q,qb/d; q) 



Formula (7.1) now immediately follows from (7.2), (7.3) and the following lemma 



Lemma 7.1. The following identity is valid: 
™ (q-™,q™abc/d;q) 07, 0/7 . fl 



-i<p:l 



, q m abc/d, 07, a/7 
a6, ac, 6c 



0,0 



(06/d; q) r 

Proof. Denote the left hand side of the desired identity by f m {-f)- It is clear that 
fm(l) is a polynomial of degree to in 7 + 7 -1 . In the expansion 

m 

fm(!/) = ^2a k (h 1 ,d/ 1 ;q) k , 

the coefficients at are explicitly given by 

^ = y (q- m , q m abc/d;q) n (q-";q) k ^ n k 
k (q,qb/d;q) n (q,ab,bc;q) k \ d 

Changing the summation variable to r — n — k and simplifying the sum yields 
(q- m ,q m abc/d-q) k ( q*+%^k 



(q,q,ab, be, qb/d; q) k 



r ^ (q k -,q^abe,d;q) 
L. (q*+\q^b/d;q) r [Q 



r=0 
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Now applying J|, (1.2.37)] to the q-shifted factorial (q r k ',q) k appearing in the 
right hand side of the last formula for ak , leads to 

_ (q- m , q m abc/d; q ) m _ 1)/2 f- q ^b\ k ( q *-™ q m+k abc/d 

ak - ( q ,ab,bc, q b/d;q) k q {—) 201 { i k+1 Vd ' q > q 

The terminating 2</>i is summable by the q-Vandermonde formula |8|, (1.5.3)]. Sim- 
plification of the resulting expression then shows that 

ak = (-* b ) m q m (m -iV2 ( q - m , q m abc/d; q ) k ^^ 
\ d J (qb/d;q) m (q,ab,ac,bc;q) k 

as desired. □ 



8. Appendix B: Evaluations of the one variable q-Macdonald-Mehta 

INTEGRAL 

In this appendix we give two alternative proofs of the g-analogue of the (one 



variable) Macdonald-Mehta integral, see Theorem 5.5. The first proof is based 
on Nassrallah's and Rahman's [jl6| integral representation of the very-well-poised 
8^7 series. The second proof uses the fact that the g-analogue of the Macdonald- 
Mehta integral in one variable can be rewritten in a completely discrete form using 
Cauchy's Theorem. The evaluation then follows from limit cases of the summation 
formulas of the very-well-poised 605 series and of the very-well-poised e^e series, 
together with some elementary elliptic function theory (the second proof is in the 
spirit of Askey's and Wilson's original proof of the evaluation of the Askey- 
Wilson integral). 



8.1. First direct proof of Theorem 5.5. We fix generic parameters a,b,c,u € 



satisfying \abcu\ > q and \a\, \b\, |c|, \u\ < 1. We write 

(x 2 ,l/x 2 ;q) Qc dx 



and 



L 2 — 2_, ^ es 



Ani J T (ax, a/x, bx, b/x, cx, c/x; q) 9(ux, u/x) x 



(ax, a/x, bx, b/x, cx, c/x; qj 9(ux, u/x)x 



respectively. The aim is to evaluate L\ + L 2 - For L\, we use the integral represen- 
tation g, (6.3.8)] of the very-well-poised s<^7 series due to Nassrallah and Rahman 
p6[ ], with parameters a, b, c, d, / and g in || (6.3.8)] specialized to a, b, c, u, q /u and 
0, respectively. The $W7 then reduces to a 3 2 , and we obtain 

(abcu,q abc/u; q)^ ± ( a b,ac,bc 

(q, ab, ac, be, au, q a/ 



-TL/u,bu, q b/u,cu, q c/u] q ) x ^ 2 \abcu, q abc/u )q ' q )' , '"'" ) 



On the other hand, a straightforward residue computation shows that 

{u 2 /q 2 ;q) Qo 



Lo 



( q , q , qa/u, qb/ u, qc/u, au/ q, bu/q, cu/q, u 2 /q; q) ^ 

q 2 /u 2 , q 2 /u,— q 2 /u, q , q a/u, q b/u, q c/u q 2 \ 
K q/u, -q/u, q 2 /u 2 , q 2 /au, q 2 /bu, q 2 /cu, ' 9 ' abcu J 



X 70 7 
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Applying j|, (3.8.9)] with the parameters a, c, d, e and / in J|, (3.8.9)] replaced by 
q /u , q, qa/u, qb/u and qc/u, respectively, we arrive at 

L2 = (q/bc;q)J{u 2 /q 2 ) 

(<1, q, Qa/u, qb/ u, qc/u, au/ q, u 2 / q; q) oo 9{bu/q, cu/ q) 

(q/au,qb/u,qc/u q 
X ^ 2 { q 2 /u 2 ,q 2 /au ^Vc 

Now applying the transformation formula [^|, (3.2.7)] for 302 's with the parameters 
a,b,c,d and e in ji[ (3.2.7)] specialized to q/au, qb/u, qc/u, q 2 /u 2 and q 2 /au, 
respectively, we obtain 

(q 2 /abcu;q)J(u 2 /q 2 ) 



L 2 = - 



q, qa/u, qb/u, qc/ u, u 2 / q; q) QQ 9(au/ q, bu/q, cu/q) 



q/au,q/bu,q/cu 
X302 I q 2 /u 2 ,q 2 /abcu 



Now combine (B.l) and (S.2), and simplify the terms using 

Oiqx- 1 ) = 6{x), 9(qx) = (-x)~ 1 9(x), (8.3) 

then we obtain 
L x + L 2 =- ' 



q, qa/u, qb/u, qc/u, au, bu, cu; qj 

( (abcu^abc/^q)^ / a b,ac,bc 



(ab^c^q)^ \abcu,qabc/u' 

q (q 2 /abcu,q 2 /u 2 ;q) oo ( q/ au,q/bu,q/ cu _ 



abcu (q/au, q/bu, q/cu; q)^ \ q 2 / u 2 , q 2 / abcu 

By the three term transformation formula || (3.3.1)] for the 3^2 basic hypergeo- 
metric series with the parameters a,b,c,d and e in j^, (3.3.1)] specialized to qc/u, 
ac, be, qabc/u and qc/u, respectively, we obtain 

_ (gabc/u; q) oo 9(abcu) 

, I ac, be q 

*-*\ 1 ^2 = 7 \ 20i I t / j q, — 

(q, ab,ac,bc,cu, qa/u, qb/u; q) QQ 9(au,bu) \qabc/u cu 
Application of the g-Gauss sum j|, (1.5.1)] yields 

1 9(abcu) 



Li+L 2 



(q,ab,ac,bc;q) 9(au,bu,cu) 



The evaluation of the one variable g-Macdonald-Mehta integral (5.E) follows from 
this last formula by analytic continuation. 



8.2. Second direct proof of Theorem 5.5. For generic values of the parameters 



a, b, c, u € C x satisfying |o|, \b\, \c\ < 1 and q < \u\ < 1, we can rewrite the left hand 
side of (|5.9|) as 



1 E ( (*MM,) c 



2 ^ x=eq k \ (ax,a/x,bx,b/ XtCx^c/ x]q) 0(ux i u/x)x I 

e£{a.b.c} \ v ' 00 / 

fcez + (8.4) 



2 f—'x=uq k \ (ax,a/x,bx,b/x,cx,c/x;q) 9(ux,u/x)x I 

by shrinking the radius of the integration circle to zero while picking up residues, 
cf. P, Section 4.10]. The first three sums over k 6 Z + with fixed e € {a,b,c} in 
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A) can be evaluated by the limit case d — > oo in Rogers' ||, (2.7.1)] summation 



formula of a very-well-poised 6^5 series. For instance, the case e = a yields 

Y Res ( (^.V^L ) 

~^ x=aq k y(ax,a/x,bx,b/x,cx,c/x;q) oq 9(ux,u/x)x J 

_ / 0,2 ' l) 00 1 ( a 2 , qa, —qa, ab, ac q 



(q, ab,b / 'a, ac,c/ 'a; qj^S^ua^/ 'a) \a,-a,qa/b,qa/c,0' 'be 
Mac #(l/a 2 ) 



(q,ab,ac;q) 6(b/a,c/a,au,u/a) 

The sums for e = b,c can be obtained by interchanging the role of a and e in the 
above formula. The fourth sum in ( |8.4| ) (over k <G Z) can be evaluated by the limit 
case e — * 00 in Bailey's |8|, (5.3.1)] summation formula of a very-well-poised Qipe 
series, yielding 



y Res k 



(* 2 ,l/x 2 ;g) c 



. x=uq k \ (ax,a/x,bx,b/x,cx,c/x;q) 9(ux,ul x)x I 

_ (1 — l/u 2 ) ( q/u,—q/u,a/u,b/u,c/u _ q 

~ (g,g,aw,6u,CM,a/'u,&/'«,c/u;g) oo 5 6 -l/u, q/au, q/bu, q/cu, ' 9 ' abcu 

(q/ab,q/ac,q/bc; q)^ 6>(l/u 2 ) 

(g;*?) 9(au,bu,cu,a/u,b/u,c/u) 



Set x = log(u), then it remains to evaluate 

(9/M«, (V« 2 ) 



/(x) 



(g, a&, ac; g) 9(b/a, c/a, ac*, e*/a) 

{qlac-q)^ 9(l/b 2 ) 
(q,ab,bc;q) oo 8(a/b,c/b,beX,eX/b) 

(?Mg)oo 9(l/c^ 



(q, be, ac; q) x 9(b/c, a/c, ce*, e*/c) 

(q/ab, q/ac, q/bc; q)^ 6>(e~ 2 x) 

(9; 9)00 0(ae*, be*, ce*, ae~x, be~x, ce~x) ' 

which we consider as a meromorphic function in % G C, with fixed (generic) pa- 
rameters a,b,c. We consider first the meromorphic function 

g(x) = 0(ae x ,be x ,ce x )f(x)- 

Observe that the possible poles of g are located at log(e) + A for e = a, b, c, where 
A c C is the lattice 

A = Z log(g) + Z2wi. 

Furthermore, the poles are at most simple for generic parameter values. We show 
now that g is in fact analytic. Observe that g is 27ri-periodic. Furthermore, by 

g(x + log(g)) = (jj^j 9(x), 

i.e. g is quasi-periodic with quasi-period log(g). So g is quasi-periodic with respect 
to the period lattice A. In view of the symmetry of g in the parameters a, b and 
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c, we conclude that g is analytic if the residue of g(x) &t a := log(a) is zero. This 
follows from the observation that 

lim (1 - e«-).,(x) («/M- 

x^a {q,q,q,ab,ac;q) oo 9{b/a,c/a) 

(q/a^q/a^q/bciq)^ 6(l/a 2 ) 



(q,q,q;q)^ 9(b/a,c/a) 



We conclude that the function 

, , s g(x) 9{ae x ,bq x ,ce x ) 
{X> 9{abce x ) 9{abcex) T{X) 

{q/bc-q)^ 9 il/ a 2 , be x ,ce x ) 



(q,ab,ac; q)^ 


9(b/a, c/a, e x /a, abce x ) 


(q/ac; q)^ 


9{l/b 2 ,ae x ,ce x ) 


(q, ab, be; q) x 


9(a/b, c/b,e x /b, abce x ) 


(q/ab; q)^ 


9{\/c 2 ,ae x ,be x ) 



(q, be, ac; qj 9(b/c, a/c, e x /c, abce x ) 

(q/ab, q/ac,q/bc; q)^ 9(e- 2x ) 

(q;^)^ 9(abce x ,ae~ x ,be~ x ,ce~ x ) 

defines an elliptic function with respect to the period lattice A, with at most one 
pole in a fundamental domain of C/A. Thus h is constant, so in particular, 

. 9{abce x ) , . , , . , 

fix) — 777 ; — a), a = log(a). 

yAJ 9iae x ,be x ,ce x ) y h &K ' 

By the explicit expression for h we have 

h(— a) 



(q,ab,ac, be; q)^ 

hence the left hand side of ( |5.9| ) is equal to 

1 1 9(abcu) 

-/(log(u)) = 



2 (q, ab, ac, be; g) 9(au, bu, cu) 1 

which completes the proof of Theorem 5.5. 
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